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Interplay of disorder and nonlmearlty

Waves in disordered media Anderson localization[Anderson,

Phys. Rev. (1958)]. Experiments on BEC [Billy et al., Nature (2008)

Waves in nonlinear disordered media localization or
delocalization?

Theoretical and/or numerical studies[Shepelyansky, PRL
(1993)1 Molina, Phys. Rev. B (1998) Pikovsky &
Shepelyansky, PRL (2008) Kopidakis et al., PRL (2008)i
Flach et al.,PRL (200971 S. et al, PRE (2009 i Mulansky &
Pikovsky, EPL (2010)i S. & Flach, PRE (2010)T Laptyeva et
al., EPL (2010)i Mulansky et al., PRE & J.Stat.Phys(2011)i
Bodyfelt et al., PRE (2011) Bodyfelt et al., IJBC (2011)

Experiments: propagation of light in disordered 1d waveguid
lattices [Lahini et al., PRL (2008)]
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The Klein i Gordon (KG) model

N p? 1 1 2
HK:a I:)I'|'Qu|2'|'_ul4'|' (u|+1'u|)
- 2 2 4 2\
with fixed boundary conditionsuy=py,=Uy.1=Pn+1=0. Typically N=1000.

el 3 {
Parameters:W and thetotal energy E. U chosen uniformly from ; 3 1

Linear case(neglecting the termu,%/4)
Ansatz: u|:AI exp(rrt). Normal modes (NMs)A,, - Eigenvalue problem:
aA\| — LtlA| (A|+l + A| 1) with o = V\?Y - W- 2 , ~|

The discrete nonlinear Schrodinger DNLS) eguation
We also consider the system:

2 (¥ i)

o . e W
wherey chosen uniformly from z

& 2

Conserved quantities:The energy and the norn8 = Q I|yI |20f the wave packet.

\{V? Eﬁndb IS the nonlineaparameter.



Distribution: characterization

We consider normalizedenergy distributions in normal mode (NM) space

z 1 — EsE with E, = %(A23+'X‘2A2): , where A, is the amplitude
A ., Enm

of the 3th NM (KG) or norm distributions (DNLS).

N N
nnm —_— 2 . - .
Second moment: M, =g (3 -) 3, with 3 3 F

3 =1 3 =1

. . = 1
Participation number: P =—— ;

a,.-%&

measures the number of stronger excited modes B
Single modeP=1. Equipartition of energy P=N.




Scales

Linear case: ¥’ | g% l;’ 7\7 , width of the squared frequency spectrum:
4
R = 1+ Localization y; _ 1
W N
volume of an a Af
R = W+ eigenstate ,
@ ’ |

Average spacing of squareeigenfrequencieof NMs within the ralnge of a

o R

localization volume: Oy

V
Nonlinearity induced squaredfrequency shift of a single site oscillator
. 3E . T 2
U = (ul o ‘bl‘y
20

The relation of the two scalesd, ¢ q@  with the nonlinear
frequency shift U, determines the packet evolution.



Different Dynamical Regimes

Three expected evolution regimefFlach, Chem. Phys (2010) S. & Flach,
PRE (2010)- Laptyeva et al., EPL (2010) Bodyfelt et al., PRE (2011)]

o width of the frequency spectrum, d: average spacing of interacting modes,
u: nonlinear frequency shift.

Weak Chaos Regimeli d, m,~t!/3

Frequency shift is less than the average spacing of interacting modes. NMs are
weakly interacting with each other. [Molina, PRB (1998) Pikovsky, &
Shepelyansky, PRL (2008)].

Intermediate Strong Chaos Regime: d& <,p m~tY2 ¢ m,~t1/3

Almost all NMs in the packet are resonantly interacting. Wave packets initially
spread faster and eventually enter the weak chaos regime.

Selftrapping Regime: u>m

Frequency shift exceeds the spectrum width. Frequencies of excited NMs are
tuned out of resonances with the nonexcited ones, leading to selftrapping, while a
small part of the wave packet subdiffuses [Kopidakis et al., PRL (2008)].
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Single site excitations

DNLSW=4,b=0.1,1,45 KGW=4,E=0.05,04,1.5
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No strong chaos regime

In weak chaos regime we
averaged the measured
exponentU (m,~tY) over
20 realizations:

Flach et al., PRL (2009
S. et al, PRE (2009



KG: Different spreading regimes
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KG: Different spreading regimes
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Crossover from strong to weak chaos

We considercompact initial wave packets of widthL=V [Laptyeva et al.,
EPL (2010)- Bodyfelt et al., PRE (2011)].

14
A A
vl  L=v v
Randomized Time evolution >
phases
< -
v v
! DNLS KG
10 S S T3 ' — T 1
o Self-Trapping 3 Self-Trapping

] Strong Chaos

P, 12 § 2 Strong Chaos

M m, ~ t'/?

Mo ~ t1/3
Weak Chaos

Weak Chaos




Crossover from strong to weak chaos
(block excitations)

DNLS b=0.04,0.72 3.6 KG E=0.01,0.2,0.75
s T T T T i T T T i W=4

Average over 1000 realizations!

d(l
a(logt) = logm)
. dlogt
; < U2/
10 4s3

Laptyeva et al., EPL (2010)
Bodyfelt et al., PRE (2011)




Lyapunov Exponents LES)

Roughly speaking, the Lyapunov exponentsof a given
orbit characterizethe meanexponentialrate of divergence

of trajectories surrounding it.

Consider an orbit in the 2N-dimensional phasespacewith
initial condition x(0) and an initial deviation vector from it
v(0). Then the meanexponentialrate of divergenceis:




KG:: LEs for single site excitations (E=0.4)
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KG: Weak Chaos (E=0.4)




KG: Weak Chaos (E=0.4)
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(b)

KG: Weak Chaos

Individual runs

E=0.4, W=4

8 9 2 i

Average over 50 realizations

Single site excitationE=0.4,
wW=4
Block excitation (21 sites)
E=0.21, W=4
Block excitation (37 sites)
E=0.37, W=3

S. et al.PRL (2013)
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Deviation Vector Distributions (DVDSs)

dUIZ + (mZ

Deviation vector: DVD: W =

v(t)=(Uu,(t), Gu,(t),é , Guy(t), Tp,(t), Up,(t),€ , Upy(t)) a_ (O'U|2 + Cﬂz)
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Deviation Vector Distributions (DVDSs)
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Autonomous Hamiltonian systems

Let us consider an N degree of freedom
autonomous Hamiltonian systemsof the

form:

N

H(q.p) = sz: + V()

=1

As an example,we considerthe Hénon-Heilessystem

1

; ; 1
I, — 2 9
2 — 5([)3: +P-_;,) + 9(

Hamilton equations of motion: <

Variational equations: <

; 1 .
+y7) + 2ty = gy’
]);1?
Py
= —x —2xy
Y2 —a? —y
0P,
0Py

—(1 + 2y)ox — 220y
—2z0x + (—1+ 2y)dy



Symplectic Integrators (SIs)

Formally the solution of the Hamilton equations of motion can be written

as: dX
={H.X} =L, X ¥ X(t)= a—L”X et X
dt n20
where X is the full coordinate vector and.,, the Poisson operator:
L. f= gFuH o Hut IJ

=T HP; Ry CPFJ)”'

If the Hamiltonian H can be split into two integrable parts as H=A+B,a
symplectic scheme for integrating the equations of motiofrom time t to
time t+Uconsists of approxmatmg the operatore” % by

Mzt e & PP
i=1
for appropriate values of constants g d.. This isan integrator of order n.

So the dynamics over an integration time steplis described by
a series of successive acts of Hamiltonians A and B.




Symplectic Integrator SABA ,C

The operatoret "+ can be approximated by the symplectic integrator
[Laskar & Robutel, Cel. Mech. Dyn. Astr. (2001)]:

SABA =it dits glh ld Gpls
with Cl—§-£ ﬁ” d __1.
The integrator has onlysmall positive stepsand its error is of order 2.

In the case whereA is quadratic in the momenta andB depends only on
the positionsthe method can be improved by introducing a correctolC,
having a small negative step:

. 2-3
c=—"—,
with Y

Thus the full integrator scheme becomesSABAC, = C (SABA) C and its
error is of order 4.



Tangent Map (TM) Method

Any symplectic integration schemeusedfor solving the Hamilton equations of motion,
which involves the act of Hamiltonians A and B, can be extendedin order to integrate
simultaneously the variational equations[S. & Gerlach, PRE (2010 T Gerlach & S,
Discr. Cont. Dyn. Sys (201))7 Gerlachetal., IJBC (2012)].

1 1 ' 1
5 - T 2 3
The HénonHeiles system can be split asA = S(p +p ) B = 3( +y?) + 2%y — 3V
LIF = Pz T = pg ) (¥ = x4+ PaT
Yy = Py 4(5') Yy = Py v = y+p,T
P = —x — 2xY T [ > P = 8 pxr’ = pa
N a2 2 Py = di , La )Y = p,
Py = Y L Yy Sx = op, (7 ar Lavu = ¢ Y o = dr+ 0P, T
C dy = op, oy' = Oy +dp,T
():1 o ()‘[)I (5[)1 =0 i ():p} - ():Pr
0y = 0Py, op, = 0| ( 0P, = 0Py
op, = —(1+2y)ox — 220y
op, = —2woxr+ (—1+ 2y)oy
ro=0 ) (2 = «x
y =0 y o=y
Dy = —x— 2 -
B ((D f;* UQ‘I rQW ) . p}. = Pa— 1(1 + )él)
Py — Y —L | au _ e = p, —
(5',;, — 0 = T =Lyt = e Lov ./ {;Z, _ 1;); + (U v)T
oy =0 oy’ = Oy
op, = —(1+2y)éx — 2xdy opl. = dp. — [(1 + 2y)ox + 2xdy| T
op, = —2xdx+ (—1+2y)dy [ Op;, = Opy, +[-2 o + (=14 2y)oy| 7
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The KG model

We apply the SABAC, integrator scheme to the KG Hamiltonian by using
the splitting:

pl [j 1 1 2
H o=+ —u”+=u’ U,, -u
ﬂgz 2 4" 2W('1')

l_'_’l 0 )
A B

/ .
u; = uy

’ —

£ J U =Tty e™B:

e’ A )
Pr =PI

]
P = [— u)(€+ “%) + ﬁ/(”i—l +upg = 2uy) [T+ Py

with a corrector term which corresponds to the Hamiltonian function:
2

c={{A.B}.B}=§ .18“' Q@+ &) (.-1u # U )‘H”



The DNLS model

A 2"d order SABA Symplecticlntegrator with 5 stepscombined with
approximate solution for the B part (Fourier Transform): SIFT?

.. o > b, 4 . . 1
:EIlU\ V‘ +§‘Y|‘ '(Y|+1Y| ’*‘|+1Y|)1 Yi :ﬁ( a ',')

) Q_)o
NH-Co

(o + p?) +g\(qz + Ff)zl- Ot~ PoPoes
A' B'

¢
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W00

g

m=1

/ o ‘ g J2aig(m=1)/IN
Ly { q; = qrcos(ot) + ppsin(eT), E m€

p; = prcos(ot) — g sin(o T), 7L ¢ = @ e cos@mlg-1)N)7
e cp (,Dq

—2mil(g-1)/N
e

q 1

ar = e + Blgt + p}H/2
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The DNLS model

Symplectic Integrators produced by Successé/e Splits (SS)

Hp = éli g%(ql“ nz)+g(q2 + pzfl-qnqm- Py Prvs

| |
/q;r’ = q. B]/,ﬂ:f p;\l BZ

‘9’; = ¢ cos(aoyT) + pysin(e ), { ; { _ |
Pr=Prtdi-1 + @7 ‘1’; =q; — (pi—1 + pi41)T

p; = prcos(ot) — g sin(e;T),

Using the SABA integrator we get a2" order integrator with 13
steps, S&




Three part split symplecticintegrators
for the DNLS model

Three part split symplecticintegrator of order 2, with 5

steps: ABC
X éo >, 2\, B 2
Hp = T +— T B 1. MnPFn+a
A B C
U U U L
—L —L & —L -+
5 A B B A
ABC°=ge?" & ¢g¢ é &

This low order integrator has already been used by e.g. Chambers, MNRAS
(1999)i Go Td z i e all MNRAS (2008).



Composition Methods: 4" order Sls

Starting from any 2"d order symplecticintegrator S?"d, we can construct a
4™ order integrator S#th using thecomposition methodproposed by
Yoshida [Phys.Lett. A (1990)]:

21/3 1

S"(0) S, €SBPIS™MK0) L o S XX= 5

In this way, starting with the 2"d order integrators S, SIFT? and ABC?
we construct the 4 order integrators:

SS with 37 steps SIFT4 with 13 steps ABC*y,with 13 steps

Composition methodproposed by Suzuki [PhysLett. A (1990)]:

S"U) =S, &FMMUXS™((L-4p, PW¥S™(pU¥S™(p U

1 41/3

P 2_41/3 ’ mp2:'4_41/3

Starting with the 2"d order integrators ABC2 we construct the 4" order
integrator: ABC#g; with 21 steps.
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S. etal., PhysLett. A
(2014)



Summary

We presentedthree different dynamical behaviorsfor wave packet
spreading in 1d nonlinear disordered lattices:

V Weak Chaos Regimell d, m,~t!3

V' Intermediate Strong Chaos Regime: d& <,p m~t'2 ©  m~tl3
V Selftrapping Regime:Uu>m

Lyapunov exponentcomputations show that:

V Chaos not only exists, but also persists.

V Slowing down of chaos does not cross over to regular dynamics.

V Chaotic hot spots meander through the system, supporting a homogeneity of
chaos inside the wave packet.

Our results suggest thatAnderson localization is eventually destroyed by
nonlinearity, since spreading does not show any sign of slowing down.

We emphasized the use of symplectic schemes base®gart split of the
Hamiltonian (ABC methods) for the integration of the DNLS model.
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Evolution of the second moment

We use the DNLS model for theoretical considerations.
Equations of motion in normal mode spacél.: amplitude of eth NM):

ij.8:&8j8+ @ §|,233 ’ZI?: ’Zé 3

31 o33 , 3

with the overlap integral: |, . = a AA A A, .
Assume that at some time t the wave packet containg/n >> ES modes
and each mode on average has a norm _—

Then for the second moment we havem, = Dt ~ 1/I7.

Assuming that some modes in the packet interact resonantly, and therefore
evolve chaotically, theheating of an exterior modeli, should evolve as:

ij.~2./ .+ FB n vihéra | i)za’

with F being the fraction of resonant modesnside the packet, andi,
being a mode at the cold exterior. Then . |2
9 l/ 1 ~F 2p2 A




Different Dynamical Regimes

We numerically estimated the probability F for a mode, which is excited to

a norm n (the average norm density in the packet}p be resonant with at
least one other modend found that for small nonlinearities [Flach,

Krimer, Ch.S., PRL (2009)- Ch.S., Krimer, Komineas, Flach, PRE (2009)]:
F~Dr

The momentary diffusion rate of packet equals the inverse time the
exterior mode needs to heat up to the packet level:

D~ -b'n*Y m, -t
T

Assuming thatall modes in the packet are chaotic, i.d==1, we get:

D~ ~6%n2Y m,~ 1"
T



Integration scheme

Consider an N degree of freedom autonomous
Hamiltonian systemhaving a Hamiltonian function of the

form: positions momenta

A A

V4

(f N [ , \
H(A1,02 € N BP2 € )P
The time evolution of an orbit (trajectory) with initial
condition

P(0)=(q(0), a( 0) (8),pd0). p( 0) (®) P

IS governedby theH a mi | egoatiansof motion
dp, _ pH  dg; _ H

dt K dt [Py




Tangent Map (TM) Method

Usesymplectic integrationschemes for the whole set of equations (S. &
Gerlach, PRE (2010)

We apply the SABAC, integrator scheme to the HénorHeiles system
(with U =) by usingthe splitting:

L . : 1 1
A = s(pz+p2) B = 9( +’g )+1 1;—§1/

with a corrector term which corresponds to the Hamiltonian function:
2
C ={{A,B}, B} = (v 4 22y)" + (2® — y* + y)

We approximate the dynamics bythe act of Hamiltonians A, B and C,
which correspond to the symplectic maps:

(2 = x4 p.T
erla QU = VAT ,
' ’ p'; .= Da ? I, = T

I, Lo )Y =y
\ P, Py eTLe . '
’ P = pI 21(1+?12+6y+?y )T

(2 = x P, = —2(y — 3y? + 29> + 322 + 222%y)T
oLlo QY =Y
' ' Pﬂ: = p, — (1 +2y)7

\ py = Pyt (yz —a? - YT



Tangent Map (TM) Method

Let @ = (2,Y, Ds, Py, 02, 0Y, OPs, ODy,)
The system of the Hamiltonds equati
IS split into two integrable systems which correspond to Hamiltonians A and B.

11.? — e &= pr ) (2 = x+p.T
Jy = Py 44 (15) yo= Dy y o=yt
Pe = —x — 22y > Po = 8 pr’ = p.
.22 Py = di . L )Ry = py
Py = Y Xz Y dx = Op, ¢ = - =Layvu = ¢€ a ox’ = 0x + 0p,T
S, S oy = 0py oy = Oy -+ dp,T
O} = ({IJI 5p. = 0 o, = op,
()U — ()])y (5.])“ =0 ) \ ()pfu - ()py
op, = —(1+2y)dx — 2xdy
op, = —2woxr+ (—1+2y)oy
z =0 ) (2 = =x
y =0 yoo=y
B ((D JZI i 1/2;1? ffy Y 1 ;D;r — b (1 N )5’])
y — g au Lo p, = py+ —Y)T
bx = 0 [ dt = Lpvi = e™hev g 1:)11}’ = f); v g
(?g/ =0 oy = oy
op, = —(1+2y)ox — 2xdy opl. = Op, — [(1 4+ 2y)ox + 2z0y| T
op, = —2wdxr+ (—1+2y)oy | [ Op), = Op, + [~ () + (=14 2y)dy| T




Tangent Map (TM) Method

Any symplectic integration schemeusedfor solving the Hamilton equations
of motion, which involvesthe act of Hamiltonians A and B, can be extended
In order to integrate simultaneouslythe variational equations|[S. & Gerlach,

PRE (2010 i Gerlach & S., Discr. Cont. Dyn. Sys (2011) 7 Gerlach et al.,
IJBC (2012)].

/

@ = X+ PaT
Yy o= y+pyT
¥ = x4 p.T pr' = p, Y =
ro_ , Lav . ) DY = Dy y =
TLa . ) Y Y+ DpyT R R SN y y
SRR IR o = bo o A T
x X oy = oy +op,T n = 2_ 42
A ) , y Loy . ) P py+ (y° —2® —y)7
P y p y ()p"r = O0Ps € ) ox' = dx
op, = op, 5y = &y
2 = opl. = op, — [(1 + 2y)dx + 22dy| T
= opl, = Opy +[—2xdx + (=1 +2y)oy| T
J—LB . b - o
e . ¢
P = Pa— ;17(21 + 2;;)7
P, = Py + (Y —x°—y)T L
y o=y , 4
, Pl = p.—22(1+ 25132 + 6y + 21/'2)7' ’
r = Py, = Py 2y — 3y? 4+ 2y3 + 322 + 22%y) T
/ </ -
7L o y - :U TLov . ()‘12 - ()I
e - ‘ o . a e e : N _ 5
P = pe—22(1 + 227 + 6y + 2y°)T / ()}/: = oy (1 + 62 2 4 6915
n — o — 9y — 32 23 L 32 9.2 op, = O0p. — 2 |[(1+ 62" + 2y~ + 6y)ox+
Py Py — 2(y — 3y + 297 + 307 + 207y 7 +22(3 + 2y)oy| T
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Non-symplectic methods for the
DNLS model

In our study we also use thé&OP853 integratorwhich is
an explicit non-symplectic RungeKutta integration
scheme of order 8.

DOP853: Hairer et al. 1993,
http://www.unige.ch/~hairer/software.nhtml



